COMPLEX NUMBERS AND DIFFERENTIAL EQUATIONS

Comments and corrections to Julia Yeomans J.Yeomans1@physics.ox.ac.uk
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I. COMPLEX NUMBERS

A. GETTING STARTED
1. Definitions, Cartesian representation

Complex numbers are a natural addition to the number system. Consider the equation
2 = —1.

This is a polynomial in 22 so it should have 2 roots. To make this work we define i as the square
root of —1:
i?=—1

SO
e =1 T = +i.

A general complex number is written as
z =+ 1y.

x is the real part of the complex number, sometimes written Re(z).

y is the imaginary part of the complex number, sometimes written Zm(z).

The complex conjugate of z is defined as z* = =z — iy.

2. Argand diagram

A pair of numbers (z,y) are needed to specify a complex number z. Therefore z can be repre-

sented point in a 2D plane called the complex plane or Argand diagram. It is sometimes
helpful to think of z = x + iy as a vector from the origin to (x,y).

Y=Im(z)

z=x+iy

x=Re(z)

Figure 1: The complex plane



3. Polar form

A complex number z can also be written in terms of polar co-ordinates (r, ) where

r=rcosf , y=rsinb.

2 1Y

r? = 2%+ 42, 0 = tan

S0
z=u1a+ iy =r(cosf +isinf).

7 is the modulus of z written as |z | or mod(z).
0 is the argument of z written as arg(z).

Examples

z=1+1i=+2(cosn/4+isinm/4), z=—1+/3i = 2(cos 27/3 + i sin 27/3)

4. Complex exponentials

It is often very useful to write a complex number as an exponential with a complex argu-
ment. To justify why we can do this write the polar expression for z and expand the sin and
cos using a Taylor expansion:

o 92 94 ‘ 93
z=r(cosf +isinf) :T(l_E+E+"'>+ZT(0_§+"')
. 02 .93 o4
:r(1+20—5—15+5—...)
_ L (10 (@0)°  (i0)* _ 0
=r(1+i0+ o T al ten T ) =re”.
We have ended up with the Euler equation
re’ = z = r(cosf + isin6). (1)
Taking the complex conjugate
re % = 2 = r(cos — isin#). (2)

Adding/subtracting Eqns. (1) and (2) gives a pair of very useful identities which you should
learn:

ot 4 it il _ p—if
cos@z%, sinf = ——. (3)

5. Arithmetic manipulation

The next job is to define how to add, subtract, multiply and divide complex numbers. If
z1 = x1 + 1y and zo = x9 + 1yo then

21+ 20 = x1 + 22 + (Y1 + ¥2), 21—z =x1 — 22+ (Y1 — Y2),

2120 = (21 +iy1) (22 + 1Y) = 122 — Y1y2 + i(21Y2 + Y122).



To divide two complex numbers note that
22" = (z+iy)(z —iy) = 22 + % =22

is real. So multiplying a quotient of complex numbers by the complex conjugate of the denom-
inator gives a tractable expression

2 witayn (e tiy) (w2 —diye) (@@ + yiye) e — 21y2)

zo watiyr (w2 +iy2)(z2 —iy2) x5+ Y3 '
There are simpler formulas for multiplication and division in polars. If 21 = rq €1 and z9 = ryei?2
21729 = rlrgei(elJrgQ), - T—leiwl*e?).
zZ2 T2
These expressions immediately imply
21 | 21 |
|z122|=] 21 | 221, | ==
Z9 | Z9 ‘
z1
arg(z122) = arg(z1) + arg(z2), arg <Z2> = arg(z1) — arg(22).

6. Curves in the complex plane

—
.
N

1N

(iii)

Figure 2: Curves in the complex plane. (i) |z|= 1, (ii) arg(z) = 7/6, (iii) |z — a|= 3, a real.
If it is hard to identify a curve by inspection write z as x + iy. For the example (iii) in Fig. 2
|z —a|=|z —a+iy|=(z —a)®+y?=3.

So this is the curve (z — a)? + y? = 9 which is a circle, center (a,0), radius 3.



B. DE MOIVRE’S THEOREM
1. De Moivre’s theorem

De Moivre’s theorem states
2" = {r(cosf +isinf)}" = r"(cosnf + isinnf).
This follows immediately from the properties of complex exponentials:
Lhs. = (re??)" = r"e™ =1 hs.
2. Trig. functions of multiple angles — powers of trig. functions
As an example we will use de Moivre’s theorem to prove
sin 30 = 3 cos? Asin § — sin® 4.
Consider
cos 30 +isin 30 = % = () = (cos #+isinf)® = cos® O+ 3i cos? O sin 6 — 3 cos O sin?  — i sin® 6.

Equating the imaginary parts of the L.h.s. and the r.h.s. of this expression gives the required
result. Equating the real parts gives a similar expression for cos 36.

3. Powers of trig. functions — trig. functions of multiple angles

If instead we want to prove

1
sin® 0 = —Z(sin 30 — 3sin )

the easiest way is to use Eq. (3) to write

it — it _ =0 3 B 310 _ 3610 4 30— _ o—3i0
B 2i B (2i)3
1 (e3z‘0 _ 67310) (ew _ 640) 1 ' )
= COE { 5 -3 5 = —1(811130—381119).

4. Powers and roots of complex numbers

To find powers and root of complex numbers it is almost always easiest to write them as complex
exponentials and it is often important to include a factor ™" where r is an integer. This is
just unity but, as we shall see, it is needed to obtain the correct number of roots. It is good
practice to always check that the number of roots is indeed correct.

Example 1: To find the cube roots of 1 + i write 1 + 4 in polar form, including a factor e2™":

144 = \@e(irr/ﬁl-‘rQTrir).

Take the cube root of the modulus as usual (\/51/3 = 2/6_it’s easy to forget this step) and the
cube root of the exponential by dividing the exponent by 3

z=(1+ i)1/3 — 91/6,2mi(1/24+7/3)



We expect 3 distinct roots, because we are solving a cubic equation 23 = 1 +14, so r = 0,1, 2,
say. (Check that r = 3 gives the same value for z as r = 0). Without the e*™" term we would
have found only one solution.

You might like to try these yourself and then check.

Example 2: Find the fourth root of —164.
(—162>1/4 — {16637ri/2+27rir}1/4 — 2627'(‘2'(3/].6"1‘7”/4)7 r = O, 1’ 273

Example 3: Find all the values of 1°.

1" = (™) = ¢72™ 1 any integer.

5. Polynomials: sums and products of roots

This is a theorem which is useful in complex number problems - and elsewhere. A polyno-
mial equation
az" +b02" e f =0

has n roots z1, 29 ... z,, say. Then the sum and product of all the roots are

n

Zzi:—b/a, Hzi:(—l)”f/a.
i=1

i=1
Demonstration for n = 4:
(z—z1)(z—22)(z — 23)(2 — 24) = 24— (21 + 22+ 23+ 24)23

(2129 4 2123 + 2124 + 2023 + 2224 + 2324)2°

— (212223 + 222324 + 232421 + 242122)2 + (21222324).

6. Using complex numbers and the roots formulas to prove trig. identities

Example: By finding the roots of the equation

2 +1=0 (4)
show that
- 2r+1)m
Tz_:ncos ot D) 0. (5)

We shall do this by using the sum of roots of a polynomial formula. First find the roots of
Eq. (4):

o (_1)1/(2n+1) _ plim+2mir)/(2n+1) 2r+1)in/(2n+1)

=l , r=-n,—n+1l,—n+2...n—2,n—1,n
where I have chosen the 2n + 1 values of r needed to specify distinct roots to match the limits
on the sum in the expression (5). Note that the roots are equispaced around the unit circle in
the complex plane. Eq. (4) has no term in z" so the sum of the roots is zero:

Z e(27"+1)i7r/(2n+1) —0.

r=——"n



Taking the real part of both sides immediately gives Eq. (5).
C. OTHER APPLICATIONS OF COMPLEX NUMBERS
Here are two more examples of the use of complex numbers.
1. Summing trigonometric series

For example, to find

Sr = E”: sin r6.
r=1

S=>» (cosrf+isinrf) = Z e

r=1 r=1

consider

This is a geometric progression with n terms. The first term is a = ¢’ and the common ratio is
r =€ . So, summing,

_a(l-r") e (1 — ™)

o 1l-r  1—el?
We want S; = Im(S). The easiest way to find this is the ‘half-angle trick’. Factorise the brackets
in the numerator and denominator to give sin functions:

_ IR (02 — 0 e <—2”m(”9/2)>

€i6/2(e=10/2 _ ¢if/2) —2isin (0/2)
B (n+1)0 . (n+1)8) sin(nb/2)
= {COS 5 + ¢s1n 5 s (9/2) .
from which we can immediately read off
s, — Lsin (n+1)0 SlTl (n9/2).
2 sin (0/2)
2. Integration
To integrate
Ip = /e‘”cosbw dx
consider '
I /e“meib‘” dp = elatib)z LOo— e*(cosbx + isinbx)(a — ib) Lo
a+ib a? + b2 '

Taking the real part of I gives

e“(acosbx + bsin bx)
I = C.
R a? + b? *

Another way of finding [ is to write
ibx —ibx
I = / eax(e—;e) dx.

Check that this gives the same answer. The small advantage of this approach is that an imagi-
nary answer signals an error in arithmetic.



The short option Complex Variables covers much more interesting ways to use complex analysis
in integration.

D. FUNCTIONS OF A COMPLEX VARIABLE

1. Exponential

ef = "W = ¢%e" = e¥(cosy + isiny)

2. Logarithms

Inz=1In(re?) =Inr+1In(e?) =Inr+ih, n an integer

3. Trig. and hyperbolic

Recall
eZZ + e (¥4 62 + e*Z
cosz = coshz =
2 2
' ez _ p—iz ) e? — e %
sinz = - sinh z =
21 2
SO
siniz = ¢sinh 2 sinhiz = isin 2z
cosiz = cosh z coshiz = cos z

4. Inverse trig. and hyperbolic

To find sin™! z:
Let w = sin™! z, then

z =sinw = T
e —2iz—e " =0
2w _ 9jzett _ ] =

This is a quadratic in €** so

iw izt (—4z244)1/2
= 2

=iz + (1 - 22)1/?
= jw=1In{iz+ (1 - 2%)Y/?}

sinlz=w=—iln{(iz£ (1 -2

e



II. FIRST ORDER DIFFERENTIAL EQUATIONS
0. Terminology
dy d%y

A differential equation is one involving derivatives, eg 72, 7-3.

In an ordinary differential equation y depends on just one variable, y(z). An example is simple

2
harmonic motion 3732’ = —k%y In a partial differential equation y depends on more than one
2 2
variable y(x,t). An example is the wave equation 373 = C%%.

The order of a differential equation is the order of the highest derivative. For example

Py dy
g 3+ 6y = f(x)

is a second order, ordinary differential equation. The solution is y(x): y is called the dependent
variable, x is the independent variable.

dy
2

An equation is linear if it is linear in the dependent variable. ie terms like y, 55 can occur

in a linear differential equation, terms like y?2, y%, sin ¢y cannot.
1. Separable
A first order differential equation is separable if it can be written

dy _ f(x)

dz  g(y)’

/g(y)dy = /f(x)dfr

which, with luck, can be integrated directly.

Then

Example

d d 1
ﬁ:—@ﬂex = —/y:/emdm = —=e"+C
dx y? Y

1. Almost separable

If
dy
— = f(az + by), a, b constants
dx
a simple change of variable leads to a separable equation. Let
d d
z=ar+by = & _ o =a+bf(ar+by) =a+bf(z)
dx dx

which can be integrated by separation of variables
dz
= |4
/ a+bf(2) / )

10



Example

d 1
fy:(x+2y+3)2—f

dx 2
Let z =2+ 2y + 3. Then
dz dy 5 1 9
— =142-"==1+42(z"— =) =2z~
dx + dx +2z 2) :
Integrating
d 1 -1
/Z:/Qdac = ——=2r4+C = ———=2zx+C
22 z x+2y+3

2. Homogeneous

If dy y
w=1)

the substitution v = £ leads to a separable equation. Let

dzx dzx dzx
Example
dy _yitry gy
dx 2 2 =z
Let v=Y = y=w = B_p®iy=-121y =
gf—g: df = —%:lnx+lnC*1:1n% = 1’206_%:06_%.

2. Homogeneous but for constant

Consider an equation like
dy _ y+r=5
dr  y—3zx—1

dx

T .

(6)

The numerator and denominator are linear and the equation is homogeneous apart from the
constants -5 and -1. These can be eliminated by changing variables to ' = y + a, 2’ = x + b,
where a and b are constants, with a sensible choice of a, b. Substituting the change of variable

in Eq. (6) gives
dy dy Yy —a+a'-b-5
de de' Yy —a—3z'+3b—1"

The new equation, in the primed variables, will have no constant terms if a + b = —5 and
a —3b = —1. So as long as there is a solution for a, b (see next section for what happens if not)
the differential equation becomes

dyl B y/+$/

de’ 1y — 32

which is homogeneous and can be solved using the substitution v = 3/ /’.

11



2", Looks like ‘homogeneous but for constant’ but is ‘almost separable’
A special case — what happens if there is no solutions for a, b?

Consider the differential equation
dy y—3r—2

dr  2y—6z—5 (™)

Substituting ¥’ = y + a, 2’ = x + b gives
dy Yy —a—32"—3b—2

dr’ 2y —2a —6x' —6b—5

To get rid of the constant terms choose a + 3b = —2, 2a + 6b = —5. However these are parallel
lines in the (a,b) plane and there is therefore no solution. Oh dear! But looking carefully at
Eq. (7) it is apparent that the rhs is a function of just one variable, z = y — 3x. This means that
it is ‘almost separable’ and method 1’ works. Partial fractions are needed to give a solution

1
2—5(2u—lnu):x+0 where u = —5(y — 3x) + 13.

3. Integrating factor

The most general linear, first-order equation is

dy
.p —
V4 Pla)y = Q)
because we can always divide through by the coefficient of % to make it unity. This equation

can be solved by multiplying through by the integrating factor

I = efP(x)da:

to give

Zﬁ 6fP(z) dx —|—P($) y efP(x) dr _ Q(l’) efP(:v) dx
X

Integrating
y 6fP(m) de _ /Q(l‘) efP(m) dz g

(Differentiate back to check.) Hence

y = e—fP(x) dac/Q<m) efP(CC) dz g

Example

d
2% +3zy =1
dx
Divide through by the coefficient of the derivative to get the equation into standard form
dy 3

dx ;y 2

Find the integrating factor

3 3
I = efmda: — Bz _ na® _ 3

12



Multiply both sides by I and integrate, don’t forget the constant
3 2
3 x x

yx / 2 T 5 +

giving
Remember

e The coeflicient of g—g must be unity before calculating I.

e Remember to multiply both sides of the equation by I.

e Remember to add the constant of integration immediately after integrating.

4. The Bernoulli equation

The non-linear equation

Wy P =) v ()
can be solved by the change of variable
_ dz _,dy
— 1—n (1 — ni.

Multiplying Eq. (8) by (1 —n)y~"™ gives
d
(L =)y 2+ (1=n)P@)y' " = Qx)(1 — n).

Changing variables from y to z

% +(1—n)zP(z) = (1 - n)Q(x)

which is a linear equation in z which can be solved by using an integrating factor.
5. Exact equations

The differential equation

dy _ p(z,y)
dv — q(z,y) ®)

can be integrated by inspection if 7l = By This is because this equality of partial derivatives
is the condition for p(x,y)dz + q(x,y)dy to be an exact derivative and so we may write

0 0
fda: + —fdy = p(z,y)dz + q(z,y)dy = 0

af = oz oy

with a solution {=C.

Example

dy _ _Getyty’
dr T+ 2xy

13



Comparing to Eq. (9), p(z,y) = 6z +y+v2, q(z,y) = T+ 2y, 5 aq = SZ = 142y so the equation

is exact. Writing

of of
—dy = 2
df = aygd ~|—aydy (6x 4+ y + y?)dz + (z 4 2zy)dy = 0
we can identify
8—f:&v—i—gﬁ—yz, a—f:x—i—Q:cy.
Ox y

So, by inspection, the differential equation can be integrated to give

f=azy+zy? + 322 =C.

6. Oddments
1. ‘One-off’ changes of the dependent or independent variable sometimes work.
2. Don’t forget that equations like dy = f(z) can be integrated directly.

3. If all else fails use a computer.

III. SECOND ORDER DIFFERENTIAL EQUATIONS

0. More terminology and the principle of superposition

A general, linear, second order differential equation takes the form

2
(@) Y 4+ b() L + elay = f().

If f(z) = 0 the equation is called homogeneous.
If f(z) # 0 the equation is called inhomogeneous.

Principle of superposition:

For linear, homogenous equations, if y;(x) and y2(x) are solutions then any linear combination
c1y1(x) + cay2(x) is also a solution.

This can be demonstrated very easily. We know

afe) T () I

ey + c(z)y1 = 0, (10)

2
() S22 1 b(0) 2 4 efayy = 0. (1)

Adding ¢1x Eq. (15) and cax Eq. (16) shows that ciyi(x) 4+ caya2(z) is also a solution. (Check
that this no longer works if f(x) # 0.)

We shall focus on the case where the coefficients a(z), b(z), c¢(x) are constants, considering
first homogeneous equations, then inhomogeneous equations.

14



1. Second order, linear, homogeneous differential equations with constant coef-
ficients

Consider the equation

d? d

a5 tbo +ey=0 a,b,c constants. (12)

Try a solution
y = ae™".

Differentiating and substituting into Eq. (12)
am?Ae™® + bmAe™ + cAe™ = 0.

This gives the auxiliary equation

am?® +bm+c=0,
_ —bE (b —dac)/?

— . 1
= m 50 (13)

case 1: auxiliary equation has real roots b* > 4ac

7b+(b274ac)1/2 7b7(b274ac)1/2
y — Ae 2a I +B€ 2a r

= e_%(Aeo‘x + Be™ %), where o=

(b? — dac)'/?
2a '
Notes:
1. The two solutions can be added because of the principle of superposition.
2. Q: How do we know this is the most general solution?
A: Tt contains two arbitrary constants A, B which we expect for a second order differential
equation because we have integrated twice to reach the solution.
3. Q: How do we find A, B?
A: From the boundary conditions e.g. the values of y and % at x = 0.

case 2: auxiliary equation has complex roots b < 4ac

Taking a factor —1 out of the bracket in Eq. (13) **and noting that the term in the bracket is

then positive**

—b =+ i(4ac — b?)1/?
2a '

So the general solution of the differential equation is

7b+i(4acfb2)1/2 . 7b7i(4acfb2)l/2 z
y — Ae 2a _l_ B€ 2a

= e_g%(Aewx + Be~h%), where (=

(14)

m =

(4ac — b?)1/?
2a '

There are other ways of writing this. Expanding the complex exponentials in terms of sin and
Cos:

y= e_g%(A cos fx + i Asin Bz + B cos fx — iB sin fz)
= e_g%((A + B) cos fx + i(A — B) sin )
= ¢ 3e (C cos fx + Dsin Sx) (15)

15



where C' and D are constants. Yet another way of writing the solution, where the two arbitrary
constants are now E and ¢, is

Y= e~ % E cos (Bx — ). (16)

Egs. (15) and (16) are equivalent if Ecosp = C, Esinp = D.

Choose the form of solution that is most convenient to match the boundary conditions. It is
fine to write down the expressions (15) and (16) directly from Eq. (14) without going through
all the intermediate steps.

case 3: auxiliary equation has repeated roots b? = 4ac

If m= —% then the solution is

Yy = e_g%(A + Bzx).
To check that Bxe™ 34 is indeed a solution for m = —% , differentiate and substitute back in to
Eq. (12).

2. The damped oscillator

To a good approximation, for small amplitude, many simple mechanical oscillators, e.g. a
mass on a spring or a pendulum, execute simple harmonic motion

ey

p7 —|—w§y =0

where vy is displacement, ¢ is time, and wq is the natural frequency. Trying a solution y = Ae™
gives an auxiliary equation
m? + wg =0.

So m = 4iwgy and the solution is
y = C coswot + D sin wot.

(You should be able to recognise the differential equation for simple harmonic motion and write
down the solution immediately.) The oscillations continue forever. However in any real system
there is damping. This is often well modeled as a term proportional to the velocity giving a

differential equation
d*y dy 2
— — =0.
@z Vg Ty

The auxiliary equation is

vt (72— 4w2)1/2
m*+ym+wi =0 = m= i (72 «) :7%

The three possible behaviours of the solutions are:
(1) v > 2wy overdamped

y = e_%t(Ae(§_w(2))1/2t + Be_(;_wO)l/Qt)

(ii) v = 2wy critically damped

y=e 2'(At + B)

16



Overdamped

Critically damped .

1

Displacement

Underdamped
Time

£ 23 Thomson - BrooksCole

Figure 3: Displacement with time of a damped oscillator. Note that the exact shape of the
curves also depends on the initial conditions, here £ = 0 and x > 0.

(iii) v < 2wy underdamped

N 2\ 1/2 2\ 1/2
y=e 2 {Acos (wg — 1) t + Bsin (w% — V4 ) t} (17)

Check that this simplifies to the simple harmonic motion solution for v = 0.

Notes:

1. Be carefully with the sign in the argument of the sin and cos in the underdamped case.
2. The maths of the LCR series circuit is identical. The differential equation is

d21 dl T
Lﬁ%—RE—l—a—O.

3. Second order, linear, inhomogeneous differential equations with constant co-
efficients:

We aim to solve

Py(x) | dy(z)
“ dx? +0 dx

Let the solution of Eq. (18) with f(x) = 0 be yor(z). yor(z) is called the complementary
function. We know how to find it from Sec. III.1.

Let any solution of Eq. (18) be ypr(x). ypr(z) is called the particular integral. We shall find
it by inspection/informed guesswork. It cannot be the general solution as it has no arbitrary
constants.

Then the sum y(z) = yor(x) +ypr(z) is also a solution as can easily be checked by substituting
it into Eq. (18). This function does have 2 arbitrary constants, which appear in yor, so it is the
general solution.

+cy(z) = f(z), a,b,c constants. (18)

17



Summary: the solution of Eq. (18) is

y(x) = ycr(x) + yp1(x). (19)

Finding the particular integral

The strategy is to guess the particular integral based on the form of the inhomogeneous term f(x)
and then to find the constants by substituting the trial solution into the differential equation.
It is easiest to see how this works by trying a few examples.

f(zx) ‘ guess for particular integral
polynomial of degree n | polynomial of degree n
sum of sin ax, cosax Asinax + B cosazx
6(1(13 Aeax
Example 1:
Solve )
vy _dy
2—= — T7T— 4 3y = 2x. 20
dx? dx oy =2 (20)

First find the CF, the solution to Eq. (20) with the right hand side zero. Try a solution Ae™*
giving the auxiliary equation 2m? — 7m + 3 = 0 with roots m = 3 and m = 1/2. So the CF is

yor = Ae>® + Be®/2.

Next find the PI. The right hand side of the equation is a polynomial of degree 1 in x so try
ypr = ax + . Differentiating and substituting into Eq. (20) gives

—Ta+ 3ax + 35 = 2.

This must be true for all x so matching the coefficients of x and the constants

2 14
~Ta+38=0, 3a=2 = a==, f[=—
3 9
giving
2 n 14
= —X _—
yprI 3 9
and a general solution to Eq. (20)
2 14
y=Ae> + Be®? 4 Zp 4 —.
3 9
Example 2:
Solve )
d*y dy .
2@ - 7@ + 3y = sin4x. (21)

As for Example 1 the CF is
yor = Ae>® + Be®/?.

18



Next find the PI. The right hand side is a sin function so try yp;y = asindz + S cos4x. Differ-
entiating and substituting into Eq. (21) gives

—32asin4x — 3283 cos 4x — 28a cos 4 + 2803 sin 4x + 3asindx + 35 cos 4x = sin4x
This must be true for all x so matching the coefficients of the sin terms and of the cos terms

sindx : —32a+288+3a=1

cosdx: —328 —28a+35=0
29 28

= “="T25 7~ 1625

giving

n 4+ 2> cosd
1625 " T 1625 C°

ypr =

and a general solution to Eq. (21)

2
y = Ae’® + Be*/? — 29 sin4x + cos 4.

1625 1625

Special cases:

If f(x) contains a term that appears in the CF add an extra factor x in the trial PI.

Example 3:
Solve P2 p
Y Y 3z
2—= —7—= + 3y = 4e°”. 22
dx? dx + oy € (22)
As before

yor = Ae®® + Be*/?.

Next find the PI. The right hand side of the equation is an exponential so the first thought
is to try ypr = ae3®. However this will not work because it appears in the CF and therefore
when substituted into the left hand side of Eq. (22) it gives zero. Therefore try yp; = aze3?.
(Why? Because lots of people have tried it and it works.) Differentiating yp; and substituting

into Eq. (22) gives

120e3® + 18aze®® — Tae®® — 21aze®® + 3are® = 437,

This must be true for all z. The terms in aze®® cancel so we are left with the coefficients of
Oé63x
5 4 = 4
o= o= -
5
giving
4 3x
ypr = paze

and the general solution to Eq. (22)

4
y = A’ + Be*/? + gawe?’x.

Example 4:
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The equation

d?y  dy
4—7 4477 = 4e%/2 23
dx? * dx Ty € (23)

has an auxiliary equation with coincident roots. The CF is
yor = ¢ "*(Az + B).

For the PI neither ce™*/2 nor awe %/2 will work as they both appear in the CF. Therefore try
ax?e=/2. Check by substituting in to Eq. (23) that o = 1/2 giving the general solution

1
y=e %Az + B) + Exze*x/?
Example 5:

This is one that can be confusing. The equation

dy _dy .
pie 2% + 5y = sin 2z (24)

has an auxiliary equation with imaginary roots. The CF is

yor = € (Acos 2z + Bsin 2z).

For the PI try yp; = asin 2z + 8 cos 2. This is fine as sin 2z and cos 2z are not solutions of the
homogeneous equation. (The solutions are e* cos 2z and e” sin 2z.)

Comments

1. If f(z) is a sum of terms, the PI is the sum of the PIs for each term. eg if

Py dy % | 3
27 _ 977 4 5y = 2@ 25
72 . +b5y=e"+=x (25)

try ypr = ae®* + Ba® + yx? +6x + e

2. If f(x) is a product of terms, the PI is the product of the PIs for each term. eg consider

d2y dy 2
422 4 47 4y = dxPe /2,
dr2 + I +vy xre

Normally the trial PI would be yp; = (az?+ Bz +~)e~*/2. However the CF is yop = e~ */?(Az+
B) so the terms in B and 7 cannot be used. Instead the trial PI must be yp; = (az? + f3 +
yx2)e~%/2, Find the coefficients to show that Eq. (25) has the solution

1
y=e Az + B) + Efc4e_f‘/2.
When in doubt add more terms to the trial PI. It is hard to go wrong (except in the arithmetic).

Too few terms will lead to equations that do not have a solution for «a, 5.... Too many terms,
and some of the «, 8. .. will be zero.

4. Oddments
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a. Euler’s equation

Euler’s equation

d*y dy

27 —_

ar T2 + bxdm +cy = f(z), a, b, c constants (26)
t dt _ 1

can be solved using the substitution z = e!. Noting % =e' =z, 9=,

dy _dydt _1ldy

de dtdx xdt
d?y 1dy 1d%ydt 1y 1 d%y

A 2dt wd?dz | 22dt | o d
Substituting the derivatives into Eq. (26) gives

d%y

d
ay +(b—a) 5 + ey = f(0),

dt

a second order, linear differential equation with constant coefficients that we know how to solve.

b. A useful formula that allows integration with respect to the dependent vari-
able

/" / / /!
y — y 7y Vvhere y -, -

T (27)

Proof: ) ) ) ,
dy _dy _dydy _ dy
drz?2  dxr  dydx dy
Example - simple harmonic motion
(Conventionally y denotes a time derivative, y' a derivative with respect to any other vari-

able.)
The equation of simple harmonic motion is

dy )
j=-wly = ydfzz—wa = /ydyz—w2/ydy > S =- +C.

2
Assume that at t =0y =0 and y = vg. Then C' = %0 and
i = (0F — )2

Integrating with respect to ¢
dy 1 . jwy
— = [ dt = —sin —=t+0C
/@%—www2 / W T

The boundary conditions give C' = 0 and we are left with the familiar

vo .

Yy = — sinwt.
w

c. Dependent variable ‘missing’

If there is no term in y, let % = p and transform to a first order equation.
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d’y dy dp |, o dp
—+2(—) =0 = —4+2p°=0 = -— =2 [dx = -—-=2x+C.
a? " <d:c> s+ P /2 /:1: v
Integrating again
dy 1 1
=== =—-1In(2 .
v - awrc — YTahrto)

IV. FORCED OSCILLATORS AND RESONANCE
1. The forced oscillator

The equation we will be considering in this section describes the physics of a forced, damped,

harmonic oscillator:

d2x dzx

2
m—s + my— + mwjxr = F coswt. 28
Notation: m mass, x displacement, t time, v damping coefficient, wg natural frequency of the
oscillator, F' amplitude of the driving force, w frequency of the driving force.

The first term is mass X acceleration.

The second term is the damping term which we assume is proportional to the velocity.
The third term is the restoring force, proportional to the displacement.

The final term is the harmonic driving force.

Note:
If F =0 we recover the unforced damped, harmonic oscillator of Sec. 3.1.
If FF =0 and v = 0 we are back to simple harmonic motion with natural frequency wy.

2. Transient solution

The solution to Eq. (28) is the sum of the complementary function and the particular inte-
gral. The complementary function is just the solution found in Sec. II1.2, Eq. (17), where we
assume light damping or else it would be a pretty useless oscillator:

o\ 1/2
zop = e 2Y(Acos Bt + Bsin ft), = (w% — 74) . (29)

This is a transient solution. It depends on the initial conditions (which determine A and B)
and it decays to zero. In the steady state it will have died away and it can be ignored.

3. Steady state solution

On the basis of what we have covered so far, to find the steady state solution (ie the PI)
we would try x = D coswt + Esinwt or, equivalently, = C cos (wt — ¢). However it is MUCH
easier to use complex numbers as follows:
Consider

mi g +myig +mwirg = F coswt, (30)
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miy + mya; + mngj = F'sin wt. (31)

Adding Eq. (30) +ix Eq. (31)
mi + myd + mwiz = Fe™! (32)

where © = xr + ;. We shall solve Eq. (32) for x and take the real part of the answer to get the
solution of Eq. (30).

To find the PI of Eq. (32) try = Ce™?. Substituting in gives

2 iwt . Twt 2 iwt wt
—w*mCe™* + mvyiwCe™* + mwiCe™" = Fe = C =
i 0 m{(w3 — w?) + iyw}

SO .
Fezwt

e m{(w} — w?) +iyw}’

(33)

To obtain the real part of x, and get the solution in the most useful form to look at the physics,
we next write x in polar form. Note that

Yw

m{(wi — w?) +iyw} = re"¥  where 1= m\/(wg —w?)?2 +~2w?,  tanyp = =) (34)
wg — w
So the displacement, Eq. (33) becomes
Feiwt Feliwt—e)
x = = .
NG e e e
Taking the real part
F t—
TR = cos (Wt — ¢) = Acos (wt — ). (35)

T my/(WZ — w?)2 + 202

The steady state solution is harmonic. It has a different amplitude A, which differs from that
of the driving force, and it lags the driving force by a phase .

The derivation in this section is tricky at first but easy once you have practised it a few times.
You will have to do it often so it is worth getting it straight.

4. The amplitude response
We have just shown that, for a forcing term with amplitude F', the displacement x (we shall
lose the subscript R from now on) has amplitude

F

A= . 36
m\/(wg — w?)? 4 y2w? (36)

The variation of A with w is plotted in Fig. . Note:
e Asw — 00, A — 0. This is becaue the oscillator cannot respond if the driving is too fast.

e Forw=0, A= # The static force is causing a Hookean displacement.
0
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Figure 4: Amplitude of a damped, harmonic oscillator for different damping strengths.

. 2\ 1/2
e The curve has a maximum at w := wr = (w% - 77) .

Let’s confirm the last statement. A is a maximum when the denominator in Eq. (36) is a

minimum.

d
o (W2 —w?)? + 7%} |op=0 = —Adw(Wi-wh)+2V’w=0 = wi=wi- % (37)
Note:
Differentiating Eq. (35) gives the velocity response
—wFsin (wt —
i = \/Eu . S (;;2 (’0)2 = = —Ay sin (wt — ) (38)
my/(wy — w?*)* + v*w
with amplitude
F F
Ay = ~ = (39)

2 _  2)2 2,2 2
my/(w§ —w?)? +72? (42 — )2 4 2
w’s only appear in the first bracket in the denominator in the last expression so we can read off
that the velocity amplitude has a maximum at w = wy.

5. Width of the resonance and the Q-factor

For small damping the amplitude response A(w) can be very sharply peaked. This is called
resonance, and wpg is the resonant frequency. It is useful to have a measure of the width of the

resonance. A sensible definition is (see Fig. 5)

Aw=wy —w; where A(w;) = A(w2) = —=A(wr) (with wy > wpr > w).

V2
(The choice of measuring the width of the curve at %A(wR) corresponds to the stored energy

~ A? being 1/2 of its maximum value.)
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Figure 5: Defining the width of the resonance.

To find Aw:

From Eq. (36)
F

/(@ — )+ 2

F
- V2m/(Wf — W) 4%

Alwr) = - \}iA(wR)

= (wg — W)+ 7% = 2{(w) —wR)? + 7 wR}

Recall (Eq. (37)) that w% = w? — 72—2 S0 Wi — w¥h = g and substituting for wg
A

«%ﬁf+fﬁ=2{+f%}=2ﬂ£

4 (40)

This can be solved as a quadratic in w? but the answer is messy. It is much neater to identify a
small parameter and expand the solution in terms of it (a useful approach for many problems).
The relevant small parameter is v because we expect, on physical grounds, that the damping is
small for a sharp resonance. v has the dimensions of frequency so we may write

wi = wp + ay + O(?) (41)

and see if we get a consistent solution. Noting that O(+?)

2

(wp — W%)Z = (wo — w1)2(w0 + w1)2

~ a’y?4wd
and substituting Eq. (41) into Eq. (40)

1
a?y2 4w + i = 292w} = 4a*=1 = a= iQ'

So
W1 =wo— o w2 =wo + 5
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and, for small damping, the full width of the amplitude response is

Aw =wy —wy = 1.

Comments:

1. Aw is related to the decay of free (unforced) oscillations, e~ 2t see Eq. (29). Small damping
= slow decay of oscillations = sharp resonance.

2. The quality factor @) is a dimensionless measure of the width of the resonance.

stored energy _wo

Q = 27T =
energy lost per cycle ¥

So large Q < sharp resonance. We will prove this formula in the next section.

3. Note that the resonance frequency is the same as the natural frequency, wq, for the velocity
amplitude but differs by a term O(4?) for the displacement amplitude (Eq. (37)). Check
that the expression for Aw is the same to leading order in ~.

6. Power and Energy

Using Eq. (38) for the velocity of the oscillator we can write down the power supplied

—wF sin (wt — @)
my/(wg — w?)? + 722

P = driving force x velocity = F coswt X

Averaging the time-dependent terms over a cycle, the mean power is

_ —wEF?
P = > d cos wt sin (wt — ).
m\/(wo —w?)2 4+ y2w?

where

S B ra— 1
coswt sin (wt — @) = coswt sin wt cos p — cos? wt sin p = —3 sin ¢

because coswtsinwt = 0 and cos? wt = % So

B wE?sin ¢
2m\/(w8 — w?)2 4+ y2w?
but, from Eq. (34),
Yw , Yw
tanyp = —5——— = sinp =
P R —w?) ¥ V(@2 — 22 1 1202
SO -
_ F
=~ P= -
2m{(ws — w?)? + y2w?}
At w = wy
_ F?
C 2my

You should check that this is the same as the energy lost per cycle of a lightly damped, unforced
oscillator (see problem set 3).
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The energy stored by the oscillator is

1 1
E = im:'vQ + Emwgaﬂ
~m wW?F?sin? (wt — ) mwi  F?cos? (wt — )
2 mA{(WE — )2 +7%7) 2 mP{(wf — W) + )
F2
- 2v2m
at w = wy.
Hence the quality factor is
Q=2 stored energy F? 2mywy  wo
= 4T = _— = —,
energy lost per cycle 2v2m F? 27 vy
7. Phase
amplitude

180°— phase e

90° —

"D

Figure 6: Phase of a damped, harmonic oscillator.

We found in Sec. IV.3 that for a force F cos wt the displacement of a damped harmonic oscillator
is x = Acos (wt — ¢). The displacement lags the force by a phase ¢, Eq. (34),

The velocity of the oscillator is

&= —wAsin (wt — p) = wAsin (p — wt) = wAcos(g — @+ wt)

= wAcos (wt — (p — g) = wAcos (wt — py)

so the velocity lags the force by ¢y = ¢ — §. Note that the velocity and the driving force are
in phase at resonance.
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8. The LCR circuit

An example of a damped oscillator that can be described by identical mathematics is the series
LCR circuit, which you will cover in Circuit Theory lectures. For an inductance L, resistance
R and capacitance C, in series with an oscillating voltage Vj coswt, Kirchoff’s law gives

1
L% + RI + % = Vpcoswt
or, because I = %,
d*Q dQ | @

LW+RE+ ol Vi cos wt.
2

This is identical to Eq. (28) given the replacements L < m, R < my, % e mwd, W & %,
v & %. So the resonance condition for the displacement < charge is

5 ,72 1/2 1 R2 1/2
“’RZ(‘*’O‘2> < “’RZ(w‘w)

V. COUPLED DIFFERENTIAL EQUATIONS

There are many ways to solve coupled differential equations. If you can see an easy way, use it.
Here are two approaches:

Method 1: Complementary function and particular integral

@ — a4+ 2y = e, (42)
y—y+2x=0. (43)

To find the complementary function try @ = Ae™, y = Be™ =

(m—-1)A+2B =0,
2A+(m—-1)B=0.

These equations have a solution if the determinant of the coefficients

m—1 2
2 m—1
is zero (see Vectors and Matrices lectures) giving m = —1,3. If m = -1 B = A and if m = 3
B = —A so we may write down the complementary functions:

= ae !t + B,

y=ae !t — Bed.

There are two arbitrary constants as expected for two first order differential equations.
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For the particular integral try z = De?', y = FEe?’. Substituting in to Eqs. (43) gives D = —%,

FE = % so the full solution is

1
z = ae”t + Bt — 56%’

2
y = et — Be3t + §€2t'

Method 2: Differentiate one equation and substitute into the other

Using the same example

a'c—a:—l—2y:62t,

y—y+2x=0.
From the second equation ) .
x:%—% = dc:%—%- (44)
Substituting into the first equation
y_g_y+g+2y_ezt = -2 -3y =—2"

Solving for the complementary function and particular integral in the usual way

2
y=ae - B3t + ge%.
Substituting for y and ¢ in Eq. (44) immediately gives

1
r=oe ' 4 B3t — 36%

as before.
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